It is proposed that Maxwell theory, with a topological term, in four noncommutative dimensions, where the co-ordinates obey the Heisenberg algebra, is an umbrella theory for the description of the two-dimensional Quantum Hall Effect (following the fluidic approach of Susskind and Polychronakos), the twistor analyses of self-dual gravity, solitons and instantons and the twistor theory of isolated horizons and black holes in space-time. Applied to the Quantum Hall case, the underlying metric is Lorentzian: two canonically conjugate co-ordinates are spatial, the other two co-ordinates naturally are null and represent time and a conjugate energy variable.
The origin of the present work lies in the observation due to the second author that the four-dimensional fermionic gauge quantum liquids constructed by Shou-Cheng Zhang and Jiang-Ping Hu are best understood as ordinary (non-gauged) quantum fermionic liquids in six-dimensional twistor space [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . As such it behooves us to try to understand the dynamics of such fluids. The twistor space description of the fluid in six dimensions is directly analogous to that of Duncan Haldane for the fermionic fluids corresponding to the Quantum Hall Effect in two dimensions [6, 25] . Accordingly, as a step to a better understanding of the twistor fluid, we have returned to the twodimensional case to see if we can comprehend the dynamics there. One key point here is that any results are in principle experimentally testable, in the laboratory, so should give a secure foundation on which to build the full revolutionary quantum twistor theory of space-time.
Perhaps the leading approach to the theory of the Quantum Hall Effect is that of Leonard Susskind and Alexios Polychronakos [27] [28] [29] [30] [31] . Susskind, in a very deep and difficult analysis of the Quantum Hall Effect makes the critical observation that the granular nature of the quantum fluid can be reflected first in a theory invariant under the group of area preserving diffeomorphisms of the plane and then in a theory based on its quantum analogue: the Heisenberg algebra for one degree of freedom, in its Moyal representation, with its symmetry group, the group of all unitary automorphisms of the algebra. He then adds in a time variable and constructs a non-commutative generalization of Chern-Simons theory, based on the Moyal description of the enveloping algebra of the Heisenberg algebra, which is supposed to give the desired dynamical theory. Polychronakos then improves the formalism, basing it on his D-operator (a combination of the generalized exterior derivative and the gauge potential), here called Q.
Remarkably, the group of two-dimensional area preserving diffeomorphisms and its Moyal generalization occur naturally in at least two other important areas of physics: first in the context of the search for a unified theory of soliton equations, particularly in the description of the Kadomtsev-Petviashvili equation; second in the description by twistor theory of the solutions of the self-dual Einstein vacuum equations [32] [33] [34] [35] [36] [37] [38] . It is our basic contention that this is no accident: that there is a single theory which encompasses all three aspects of this group. To see the emergence of our viewpoint, consider Hamiltonian evolution in a two-dimensional phase space. With respect to canonical co-ordinates p and q, Hamilton's equations for a conservative system are:
, where t is the physical time parameter and the Hamiltonian H(p, q) is a function of the phase-space variables p and q only. The evolution preserves the symplectic two-form dp ∧ dq, so the dynamics proceeds by means of area preserving diffeomorphisms of the (p, q) space (the point of view exploited particularly by Liouville). However in the case that the system is not conservative, so that the Hamiltonian depends on p, q and t, it is known that the correct way to describe the system is by means of the contact form pdq − Kdt and its associated symplectic form dp ∧ dq − dK ∧ dt, where the Hamitonian is promoted to a new variable K conjugate to the time variable. Then the new Hamiltonian in four dimensions is the function K − H(p, q, t). Now it is a fact that the twistor description of the self-dual Einstein vacuum equations uses a time-dependent Hamiltonian formalism. In the language of the good-cut equation of Ted Newman, using the standard two-component spinor formalism of Sir Roger Penrose, the propagation equation is [39, 40] :
Here σ(u, π D ′ , π D ) is a given real analytic function which obeys the homogeneity requirement σ(λλu, λπ
, again for λ any nonzero complex number. If that solution is globally defined, then it represents a point of the space-time. For example the global solutions in the case that
, where x a is constant and then the associated space is the complexification of Minkowski spacetime.
Physically the function σ represents the radiation data at null infinity of a real space-time [41] . A prototypical example with σ non-zero is the case
a is a timelike real vector. This corresponds to a quadrupole radiation field [42] . From the vantage of the Quantum Hall Effect, we regard π A as being the (complex) time parameter and we can think metaphorically of ω A as describing the position of an "electron" as time evolves. Then the points of the space-time are described by those "electrons" that evolve globally over all time (the Riemann sphere represented by the spinor π A ′ ). Since σ depends explicitly on the variable π A , the corresponding Hamiltonian is "time" dependent.
The analogy to the Quantum Hall theory becomes much closer if one considers the analogue of the Newman-Penrose theory for the case of real self-dual spacetimes with a real metric of ultra-hyperbolic signature (2, 2) . In this case the spinors π A ′ and π A become independent real spinors (with symmetry group SL(2, R)). Then π A represents a "real" time and we have a one-parameter ensemble of Quantum Hall-like systems, parametrized by the projective parameter π A ′ . The ultra-hyperbolic signature was shown by the second author and Lionel Mason to be the correct one for describing integrable systems, solitons and the three-dimensional CT scan [43, 44] .
In the twistor case, it is the two-form dω A ∧ dω A , at fixed π A ′ , that is preserved by the dynamics and, as first shown brilliantly by Penrose, the fact that this two-form is preserved encodes the information that the space-time associated to the twistor space is a (complex) solution of the Einstein vacuum equations [35] .
The first part of our proposal now is this: we expect the general dynamics of Quantum Hall systems to be governed by a time-dependent Hamiltonian theory, exactly as in the twistor theory. Both theories then become aspects of a single theory. Accordingly the relevant phase space should be four-dimensional. At the quantum level we will have a Heisenberg algebra corresponding to a system of two quantum degrees of freedom, rather than the single degree of freedom used in the theory of Susskind. This entails introducing an "energy" operator canonically conjugate to the physical time. The full quantum commutator algebra then reads:
Here i 2 = −1 and the lower-case Latin indices range from one to four. The operators x j are understood to be Hermitian and then the c-number tensor ω jk is a real skew non-degenerate (constant) symplectic form in four-dimensions.
What then is the theory? It must include the theories of Susskind and Polychronakos in the limit of time-independent Hamiltonians, giving us an obvious candidate, which we will adopt as our model: non-commutative Maxwell theory with a topological term. So our proposed action S reads as follows:
Here λ is a coupling constant, which plays the role analogous to the magnetic field strength in the Susskind theory. The odd operator Q contains the information of both the exterior derivative and the Maxwell potential oneform, classically called A. The even operator Q 2 is then the analogue of the Maxwell field two-form, classically called F = dA, so the first term in the Lagrangian generalizes the topological term F ∧ F of ordinary Maxwell Theory. The second term generalizes the term F ∧ ( * F ), the standard Maxwell Lagrangian, where * is the duality operator on two-forms. So to fix the theory we need an underlying metric (or conformal structure) in order to be able to define the duality operator.
Although ultimately one would use an axiomatic approach to the duality operator, for the present we will associate the duality operator to an ordinary constant symmetric invertible bilinear form g jk . Then the key question is the signature of the metric g jk : Lorentzian (hyperbolic), Euclidean (elliptic), or ultra-hyperbolic? In the Lorentzian case, the * operator has square the negative of the identity. In the other two cases, the * operator has square the identity. We identify the latter two cases with variants of the twistor theory associated with instantons in the Euclidean case and soliton theory in the ultra-hyperbolic case. In each of these cases, there are two preferred values of the parameter λ, namely λ = ±1, for which the action is either selfdual or anti-self-dual (note that the totally skew part of the tensor ω pq ω rs gives a preferred orientation, so these cases are distinct). The metric in the ultra-hyperbolic case coincides with the metric of Fefferman-Graham type canonically associated to a second-order differential equation, as discovered last year by the second author and Pawel Nurowski. The Lorentzian case is then left for the description of the Quantum Hall fluid.
Now given a real vector space equipped with a symplectic form ω jk and a metric g jk there is canonically associated an invertible endomorphism h j i = g ik ω jk (using the Einstein summation convention). The structure is then classified by the eigen-values of the matrix h. Since the * operator of our Lagrangian only depends on g ij up to scale, we may normalize by requiring that det(h) = ±1. Since the symplectic form is nondegenerate its determinant (being the square of its Pfaffian) is positive, so det(h) and det(g) have the same sign. Accordingly the sign of ǫ separates the standard twistor theories from the Quantum Hall theory: ǫ = 1 for the soliton and instanton cases and ǫ = −1 for the Quantum Hall case. In the Quantum Hall case we find that there always exists a natural co-ordinate basis x, y, t, E with the following commutators: xy − yx = ia and tE − Et = ib, where x and y are the spatial co-ordinates, t is time and E is energy and the pairs {t, E} and {x, y} mutually commute and such that the metrical "squared interval" in this co-ordinates system is Et+tE −x 2 −y 2 : i.e. E and t are null co-ordinates and x and y are spatial co-ordinates. Then we obtain the correct Euclidean (Newtonian) geometry on the level surfaces of the E co-ordinate.
The second part of our proposal provides a sytematic method of integration in the non-commutative context. We need to go beyond the Moyal expansion method of Susskind and Polychronakos, because, when that method is applied to the Maxwell or Chern-Simons Lagrangians, all the corrections arising from non-commutativity of the co-ordinates form exact derivatives and integrate out.
Here we consider only generalizations of ordinary integration, tracing back to the work of Archimedes and do not embrace the Berezin theory of fermionic integration, which requires a separate discussion and is not yet needed (although at a later stage, one could introduce fermions into our Lagrangian, to describe extended structures such as vortices). Our point of view (which is compatible with the approaches of Alain Connes and of Joachim Cuntz and Daniel Quillen) is that integration is essentially a sum [45, 46] . In ordinary real integration we sum real numbers and the sum is also a real number. This extends easily to complex integration, where the result is usually a complex number. The general quantity we wish to integrate lies in a Z 2 -graded associative algebra, the quotient of a completion of the enveloping algebra of a Z 2 -graded Lie algebra by a two-sided ideal (here Z 2 is the group of integers modulo 2). To integrate we need only to know how to pull back this quantity to the standard arena of differential forms. Then these differential forms will take values in the original Z 2 -algebra, but are integrated in a completely standard fashion. In practice, usually we can rely also on the fact that we have available an appropriate represention of our algebra on some Hilbert space. Then if the matrix elements of the pull-back form are taken with respect to states in the Hilbert space, the remaining integral is precisely that of a complex differential form. The final result of the calculations gives an operator in the Hilbert space. From this angle there is no specific need in general for a preferred exterior derivative operator as such in the original algebra.
We illustrate by considering the following integral:
Here x and y are to obey the Heisenberg commutation relations xy − yx = it, with t a real c-number. The operator d is defined as the (Z 2 -graded) commutator with the operator Q which itself obeys the relation itQ = xdy − ydx, or equivalently 2itQ = xQy − yQx.
We parametrize the integral with unitary transformations U = e ipx 0 +iqy 0 , which we map into the Heisenberg algebra by the formulas: x = Ux 0 U −1 and y = Uy 0 U −1 . Here x 0 and y 0 are "base-point" operators, obeying the Heisenberg algebra. Also p and q are real parameters, which together range over the whole real plane, R 2 . Then the integral becomes:
F (x 0 − tq, y 0 + tp)dpdq.
Note that the operators y 0 −i∂ q and x 0 −i∂ p commute with the integrand, so, after integrating by parts, assuming that the function F falls off at infinity appropriately, we find that Φ(x 0 , y 0 ) is a central element, so in an irreducible unitary representation is a multiple of the identity operator. That multiple then gives the desired numerical value to the integral. The fundamental example is as follows:
The classical version of this integral, when appropriately generalized to infinite dimensions lies at the basis of bosonic quantum field theory. For the quantum case, where x and y obey the algebra xy − yx = it, where t is a positive real c-number, the pullback integral is as follows:
Here λ = obey the harmonic oscillator algebra aa † −a † a = 1. We evaluate the integral by taking matrix elements with respect to coherent states for the operator a. For any complex numbers z and w, put |z>= e za † |0> and <w| =<0|e wa , where the vacuum state |0 > and its conjugate < 0| obey the relations a|0 >= 0 and <0|a † = 0. We observe that a|z>= z|z>, <w|a † =<w|w and <w|z>= e wz . Also {|z>: z ∈ C} is an over-complete set of basis vectors for the Hilbert representation space. After normal ordering the integrand, we find:
e (e −2t −1)r 2 rdθdr = πt sinh(t) <w|z> .
Hence π t is the real number πt sinh(t) times the identity operator. In the limit as t → 0, we recover the standard classical value of π. Summarizing, we have put forward a non-commutative Maxwell theory in four dimensions as an umbrella theory for the Quantum Hall effect, the theory of integrable systems and self-dual twistor theory. Presumably, when the Quantum Hall theory is constructed for a bounded spatial domain, the dynamics of the edge-states will then be governed by a three-dimensional theory, related to Chern-Simons theory and string theory [5, 9] . This is currently under investigation.
Plainly the present theory is capable of wide generalization. Of particular interest, perhaps, are the implications for the thermodynamics of systems with a non-commutative time operator. We highlight one particular area, that of black holes. The isolated horizons, studied by Abhay Ashtekar and his collaborators, have the property that they are shear-free: this entails that the self-dual twistor theory is relevant for their description [47] . One might conjecture that, if the present theory is applied suitably, then the known thermodynamic and quantum properties of black holes, deduced by Penrose, Jacob Bekenstein, Stephen Hawking and others, would emerge naturally [48] [49] [50] [51] [52] [53] .
